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A rigorous quantum theory of atomic collisions in the presence of radio frequency (rf) magnetic ﬁelds is
developed and applied to elucidate the effects of combined dc and rf magnetic ﬁelds on ultracold collisions of
Rb atoms. We show that rf ﬁelds can be used to induce Feshbach resonances, which can be tuned by varying the
amplitude and frequency of the rf ﬁeld. The rf-induced Feshbach resonances occur also in collisions of atoms in
low-ﬁeld-seeking states at moderate rf ﬁeld strengths easily available in atom chip experiments, which opens up
the world of tunable interactions to magnetically trappable atomic quantum gases.
DOI: 10.1103/PhysRevA.81.050701 PACS number(s): 34.50.−s
Feshbach resonances induced by dc magnetic ﬁelds are a
powerful tool to engineer interactions in ultracold quantum
gases and they have led to signiﬁcant advances in many-body
physics, condensed matter physics, precision spectroscopy,
quantuminformationprocessing,creatingultracoldmolecules,
and facilitating evaporative cooling in optical dipole traps
[1–5]. A number of related techniques make use of laser
light [6], dc electric ﬁelds [7], or a combination of magnetic
and optical ﬁelds [8] to shift the atomic energy levels in and
out of resonance with those of a transient collision complex,
therebyinducingresonantvariationofthescatteringlength[1].
Dressed state potentials induced by external radio fre-
quency (rf) and microwave ﬁelds have remarkable properties.
On atom chips [9], where substantial strength and gradients
can be reached in the near ﬁeld, complex potential landscapes
(such as double-well and ring traps) can be created, which are
ideal for matter wave interferometry [10–13] and exploring
quantummany-bodyphysics[14].Moreover,rf-dressedatoms
are immune to spontaneous decay and it was suggested that
low-frequencyelectromagneticradiationcanbeusedtocontrol
atomic collisions at ultralow temperatures [11].
Early studies of atomic collisions in the presence of
low-frequency electromagnetic radiation date back to the
development of microwave traps for neutral atoms [15],
the studies of dipolar relaxation of spin-polarized hydrogen
atoms in a microwave trap [16], and detailed analysis of
rf-induced evaporative cooling [17]. In the last few years,
the creation of weakly bound KRb and Cr2 molecules by
rf-assisted association of ultracold atoms was demonstrated
[18,19]. Very recently, multichannel quantum defect theory
was applied to describe collisions of ultracold Rb atoms in
rf ﬁelds [20].
In this Rapid Communication, we develop a rigorous
quantumtheoryofatomiccollisionsinthepresenceofrfﬁelds.
Expanding on the work of Agosta et al. [16], we combine the
coupled-channel expansion with the ﬁeld-dressed formalism
to describe the collision complex in an external rf ﬁeld.
*tshcherb@cfa.harvard.edu
This allows us to calculate the scattering length of ultracold
Rb atoms as a function of the amplitude and frequency
of the rf ﬁeld. We demonstrate that collisions of ultracold
atoms are sensitive to rf ﬁelds of moderate strength easily
accessible in atom chip experiments. In particular, rf ﬁelds
may be used to manipulate magnetic Feshbach resonances
and to create new, rf-induced Feshbach resonances, whose
positions and widths can be tuned by changing the rf ﬁeld
parameters.
The Hamiltonian for two alkali-metal atoms A and B
colliding in the presence of superimposed rf and dc magnetic
ﬁelds may be written (in units of ¯ h),
ˆ H =−
1
2µR
∂2
∂R2R +
ˆ  2
2µR2 + ˆ Vsd(R) + ˆ HA + ˆ HB + ˆ Hrf,
(1)
where R is the interatomic distance, µ is the reduced mass
of the collision complex, ˆ   is the orbital angular momentum
for the collision, and ˆ Vsd(R) is the spin-dependent interaction
potential between the atoms. We neglect the weak magnetic
dipole-dipole interaction. The asymptotic Hamiltonian is
ˆ Has = ˆ HA + ˆ HB + ˆ Hrf.T h et e r m s ˆ HA and ˆ HB account for the
interaction of individual atoms with a homogeneous rf ﬁeld
B(t) = ˆ eBrf cos(ωt),
ˆ Hν = 1
2γν ˆ F 2
ν + gFνµ0B · ˆ Fνz + 1
2λν(ˆ a† ˆ Fν− + ˆ a ˆ Fν+ + H.c.),
(2)
where γν is the hyperﬁne constant of atom ν (ν = A,B)
with total angular momentum ˆ Fν, gFν is the magnetic
g factor, µ0 is the Bohr magneton, and B is the dc magnetic
ﬁeld vector, whose direction deﬁnes the quantization axis z.
We assume that the rf ﬁeld is polarized in the x direction
(ˆ e = ˆ x). The Hamiltonian of the rf ﬁeld ˆ Hrf = ¯ hω(ˆ a†ˆ a − N)
is expressed in a second-quantized form using the photon
creation and annihilation operators ˆ a† and ˆ a, the average
number of photons in the ﬁeld N, and the rf frequency ω.
In Eq. (2), ˆ Fν± are the atomic raising and lowering operators,
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and λν =− µ0gFνBrf/2
√
N is the coupling constant, which
quantiﬁes the strength of the atom-ﬁeld interaction. In the
rotating-wave approximation, the Hermitian conjugate terms
in Eq. (2) are neglected in calculating the matrix elements
between the states within the F = 2 manifold (and vice versa
for the F = 1 manifold).
Weconsiderultracoldcollisionsoftwoidentical 87Rbatoms
in superimposed dc and rf magnetic ﬁelds. Following Agosta
et al. [16], we introduce a symmetrized basis,
1
[2(1 + δτAτB)]1/2[|τAτB +η(−) |τBτA ]|N + n | m  , (3)
where |τν  are the hyperﬁne states |FνmFν , |N + n  are the
photonnumberstates,ηaccountsforexchangesymmetry(η =
+1 for two identical 87Rb atoms), and | m   are the partial
wave states. Diagonalization of ˆ Has in the basis (3) yields the
energy levels of two noninteracting atoms dressed by the rf
ﬁeld. The ﬁeld-dressed states occur in manifolds separated
by multiples of the photon energy ¯ hω [21]. Throughout this
work, we consider rf frequencies in the range ω/2π = 18–
40MHz and moderate dc ﬁelds B<10 G, which corresponds
to the weak coupling regime, where the energy separation
between different photon manifolds is larger than the coupling
between the manifolds [22]. We use the eigenfunctions of
the asymptotic Hamiltonian to expand the wave function
of the collision complex. Inserting this expansion into the
Schr¨ odinger equation leads to a system of close-coupled
(CC) differential equations yielding S-matrix elements and
transition probabilities between the ﬁeld-dressed states. To
solve the CC equations, we evaluate the matrix elements of
the Hamiltonian (1) in the ﬁeld-dressed basis analytically [23]
using the most accurate potentials for the singlet and triplet
states of Rb2 [24]. Seven photon number states are included in
the basis set (3) resulting in 252 coupled equations, which are
integrated on a grid of R from 3 to 300 a0 with a step size of
5 × 10−3 a0. This procedure produces fully converged results
at a collision energy of 1 µK. To evaluate the bound states of
the Rb2 molecule, we use the asymptotic bound-state model
(ABM) [25] properly extended to include the interactions with
rf ﬁelds.
Figure 1 shows the magnetic ﬁeld dependence of near-
threshold energy levels of the Rb2 molecule in the absence of
an rf ﬁeld [25]. At certain magnetic ﬁelds, the asymptotic
two-atom scattering states become nearly degenerate with
molecular states, giving rise to Feshbach resonances [1].
We focus on a mixed-spin resonance that has been detected
experimentally in an optically trapped mixture of ultracold
Rb atoms in the |1,1 ⊗| 2, − 1  initial state [26,27]. This
resonance corresponds to the symmetry-allowed crossing
encircled in Fig. 1. Figure 2(a) shows the real and imaginary
parts of the scattering length a = α − iβ for two Rb atoms as
functions of dc magnetic ﬁeld for different rf ﬁeld amplitudes.
The elastic and inelastic cross sections can be evaluated from
a as σel = 8π(α2 + β2) and σinel = 8πβ/ki [1]. At zero rf
ﬁeld, the resonance occurs at B = 9.15 G, in good agreement
with the experimental results of 9.09 ± 0.01 G [26] and
9.12(9) G [27]. As shown in Fig. 2, an external rf ﬁeld shifts
the resonance to higher magnetic ﬁelds without affecting its
width. The magnitude of the shift increases quadratically with
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FIG. 1. (Coloronline)Near-thresholdenergylevelsofRb2 versus
magnetic ﬁeld. The energies of two separated atoms are shown by
dashed lines and labeled in the graph. The red (blue) lines show the
molecular levels A–F (in order of increasing binding energy) with
mF = mFA + mFB =− 1( +1) . The light blue lines correspond to
the molecular states with mF  =± 1. The zero of energy corresponds
to two inﬁnitely separated Rb atoms in the absence of hyperﬁne
structure and external ﬁelds.
increasing rf amplitude. An expanded view of the encircled
area in Fig. 1 presented in Fig. 2(c) illustrates that off-resonant
rf ﬁelds modify both atomic thresholds and molecular bound
states, thereby altering the positions of avoided crossings and
Feshbach resonances. The shifts arise due to virtual exchange
of rf photons between different atomic hyperﬁne states, which
modiﬁes the atomic g factors [22]. The ABM overestimates
the resonance position by 0.15 G, but accurately reproduces
the rf-induced resonance shift.
Aninterestingpossibilitysuggested byrecent experimental
work [18] is to use rf ﬁelds to directly couple a two-atom
scattering state with a bound molecular state. This coupling
would lead to a Feshbach resonance whose properties depend
on the parameters of the rf ﬁeld. As shown in Fig. 1, six of 15
low-lyingmolecularstatescanbeaccessedfromthecontinuum
by scanning the rf frequency from 18 to 24 MHz. The other 11
states remain uncoupled from the initial state |1,1 ⊗| 2, − 1 
due to the selection rules  n =± 1 and  mF =∓ 1 imposed
by Eq. (2). Figures 3(a) and 3(b) show the rf frequency
dependence of the cross sections for two Rb atoms in the
|1,1 ⊗| 2, − 1 stateatamagneticﬁeldof2G.Thescattering
length exhibits a number of sharp peaks at rf frequencies
correspondingtotheboundlevelsA–FinFig.1.Thewidthsof
theresonancesincreasewithincreasingrfamplitude.Asshown
inFigs.3(c)and3(d),rf-inducedFeshbachresonancescanalso
occur in collisions of atoms initially in the low-ﬁeld-seeking
state |1, − 1 ⊗| 2,1 .
In order to understand the mechanism of rf-induced
Feshbachresonances,weuseathree-statemodeldevelopedby
Bohn and Julienne [28] and illustrated in Fig. 4. The rf ﬁeld
couples the incident channel |i,N  to the ﬁeld-dressed bound
state |b,N + 1  with energy  b + ¯ hω, where  b is the binding
energy of the molecular state in the absence of an rf ﬁeld. The
boundstate|b,N + 1 iscoupledtoanopenchannel|a,N + 1 
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FIG. 2. (Color online) Magnetic ﬁeld dependence of the real
(a) and imaginary (b) parts of the scattering length for s-wave
collisions of 87Rb atoms initially in the |1,1 ⊗| 2, − 1  state at
different rf ﬁeld strengths: zero (left), Brf = 4 G (middle), and
Brf = 10 G (right). (c) A zoom into the encircled area in Fig. 1
showing atomic thresholds (dashed lines) and molecular bound states
(full lines) at zero rf ﬁeld and Brf = 10 G. ω/2π = 30 MHz.
by the spin-dependent interaction potential (1). Introducing
the matrix elements γib = 2π| i,N| ˆ HA + ˆ HB|b,N + 1 |2 and
γba = 2π| b,N + 1| ˆ Vsd(R)|a,N + 1 |2, we obtain for the real
and imaginary parts of the scattering length [28],
α = αbg +
1
ki
1
2γib¯ h[ω − ωb − δω(Brf)]
¯ h2[ω − ωb − δωb(Brf)]2 + γ 2
ba/4
,
(4)
β =
1
ki
1
4γibγba
¯ h2[ω − ωb − δωb(Brf)]2 + γ 2
ba/4
,
where ki is the wave vector for the incident channel, αbg
is the background scattering length, ωb is the resonant
rf frequency (¯ hωb =  b), and δω(Brf) is the rf-induced level
shift. The expressions (4) are similar to those encountered
in the theory of optical Feshbach resonances [1,28] with
one important difference: the loss from the bound state |b 
is induced by the spin-dependent interaction potential (1)
rather than spontaneous emission [6,28]. Since γib ∼ B2
rf,t h e
widths of rf-induced resonances increase quadratically with
Brf.TheresonantfrequenciesgivenbyEqs.(4)areshiftedfrom
those corresponding to bare molecular states by the amount
δω(Brf) ∼ B2
rf [28]. Because the rf-induced coupling is weak
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FIG. 3. (Color online) The real (a) and imaginary (b) parts of the
scattering length for s-wave collisions of 87Rb atoms initially in the
|1,1 ⊗| 2, − 1  state as functions of the rf frequency at B = 2G .
(c, d) Same as in (a) and (b) but for the |1, − 1 ⊗| 2,1  initial state
and B = 3.23 G. The rf amplitude is 4 G [blue (light grey) lines] and
10 G (black lines). The rf-induced resonances are labeled after the
bound states A–F in Fig. 1.
and αbg is large, the real part of the scattering length does not
vary appreciably in the vicinity of the resonances, increasing
from103.7to106.5a0 neartheresonanceDastherffrequency
is scanned from 31.405 to 31.413MHz. The inelastic loss rate
at the resonance is ∼10−12 cm3/s. From Eqs. (4), it is clear
εb
|b,  N>
|i, N> |b,  N+l>
|a,  N+1>
V sd
ω
∆
FIG. 4. (Color online) A schematic illustration of the rf-induced
Feshbach resonance. The rf ﬁeld induces coupling between the initial
two-atom dressed state |i,N  and a bound molecular state |b,N + 1 ,
which is coupled with a low-lying open channel |a,N + 1  via the
spin-dependent interaction potential.   = ¯ hω −  b is the detuning
from resonance.
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that α can be controlled more efﬁciently in atomic systems
with smaller αbg. Alternatively, αbg can be reduced using
magnetic [1]o re l e c t r i c[ 7] Feshbach resonances.
As follows from Eqs. (4), α and β peak at different
rf detunings:  α =± γba/2 and  β = 0, with peak heights
∼γib/γba. Therefore, to induce an appreciable variation of α
while keeping inelastic losses to a minimum, it is necessary
to operate at large rf detunings     γba, where α − αbg ∼
γib/  and β ∼ γibγba/ 2. In this regime, the real part of
the scattering length is independent of γba. For practical
applications, however, it may be advantageous to minimize
inelastic losses quantiﬁed by the parameter γba, so that the
condition     γba is satisﬁed at smaller  , where α − αbg is
most sensitive to  . Indeed, as shown in Fig. 3, β is never too
large except at very small detunings, which indicates that the
regime     γba is within reach.
In summary, we have developed a rigorous quantum theory
ofatomiccollisionsinthepresenceofrfﬁelds,andapplieditto
exploretheeffectofrfﬁeldsons-wavecollisionsofRbatoms.
Our results show that rf ﬁelds generated in experiments with
atom chips can be used as an efﬁcient tool to control collisions
of ultracold atoms, which has a number of advantages over
the methods that use dc magnetic ﬁelds. In particular, shifting
magnetic Feshbach resonances with rf ﬁelds may be used to
selectivelytunescatteringlengthsinultracoldatomicmixtures,
thereby enabling the preparation of exotic many-body states
and novel quantum phases [29]. As illustrated in Fig. 2(a),
applying an rf ﬁeld with Brf = 4Ga tB = 9.206 G results
in a threefold enhancement of the real part of the scattering
length. The calculated inelastic decay rates do not exceed
∼10−10 cm3/s, so elastic collisions of Rb atoms can be
efﬁciently manipulated on timescales of hundreds of mi-
croseconds for typical atom densities of 1013 cm−3. Further
advantages of rf control include the possibility of tuning the
rf frequency with extremely high precision, which may allow
for ultrasensitive measurements of molecular binding energies
and scattering properties. Since rf ﬁelds can be switched in a
very fast and controllable way [10], the rf-shifted Feshbach
resonances offer the possibility of tuning the interaction
betweentheatomsonamuchshortertimescalethanispossible
using dc magnetic ﬁelds alone. The fast manipulation of
ultracoldatomicgasesmaybeexploitedtoenhancetheﬁdelity
of quantum logic gates based on collisional interactions. In
particular, a controlled phase gate, equivalent to a quantum
controlled-NOT (C-NOT), can be realized with nearly perfect
ﬁdelity by “activating” the atom-atom interaction, via rfﬁelds,
for the time needed for the system to acquire a π phase
nonlinearityamongthetwo-atomlogicalbasis(i.e.,hyperﬁne)
states (see, e.g., [30]). The ability to control spin-dependent
interactions is also important in the context of simulating
highly correlated many-body systems with ultracold atoms in
optical lattices [3]. On atom chips, near-ﬁeld rf control would
add the capability of addressing individual pairs of atoms, an
essential feature for universal quantum computation that is
known to be difﬁcult to realize with optical lattices.
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